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Abstract. In this paper, we prove that any analytic quasi-periodic co- 
cycle close to constant is the Poincare map of an analytic quasi-periodic 
linear system close to constant. With this local embedding theorem, we 
get fruitful new results. We show that the almost reducibility of an ana- 
lytic quasi-periodic linear system is equivalent to the almost reducibility 
of its corresponding Poincare cocycle. By the local embedding theorem 
and the equivalence, we transfer the recent local almost reducibility re- 
sults of quasi-periodic linear systems to quasi-periodic cocycles, and 
the global reducibility results of quasi-periodic cocycles [H [5] to quasi- 
periodic linear systems. Finally, we give a positive answer to a question 
of [S] and use it to prove Anderson localization results for long-range 
quasi-periodic operator with Liouvillean frequency, which gives a new 
proof of [6j [TJ [T2] . The method developed in our paper can also be used 
to prove some nonlinear local embedding results. 



(1.1) 



1. Motivations and main results 
We are concerned with smooth quasi-periodic linear systems 

x = A(9)x 



where x G K 2 , 9 G T d , uj G R d is rational independent and A G C r (T d , sl(2 
r G N U {oo,u;}, we denote it by (u,A). Typical examples are Schrddinger 
systems where 

A(9) = V E , q (9) = ( q{e) °_ E I \ G 5 /(2, R). 

The time discrete counterparts of the quasi-periodic linear systems are 
smooth quasi-periodic SL(2,R) cocycles: 

iH, A): T w xR 2 4T"xR 2 
(9,v) h-> (9 + fx,A(9)-v), 
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where p G T d ~ l with (1, p) being rational independent, A G C r (T d_1 ; 5L(2, M)). 
Typical examples are quasi-periodic Schrodinger cocycles where 

A{9) = S V E {9) = ( V{e \- E ~ l \ G 5L(2,M). 

They are related to one-dimensional quasi-periodic Schrodinger operators 
on / 2 (Z): 

(1.2) {H v ^x) n = x n+ i + x n _i + V(n/i + 4>)x n = Ex n . 

We denote by C^T^ 1 , SL(2, R)) the set of maps .4 G C7 r (T ,_1 , 5L(2, M)) 
that are homotopic to the identity. 

If d = 2, it is also interesting to consider the dual operator of (II. 2ft . the 
Long-range quasi-periodic operator: 

(1.3) {L V)0l)ip ip) n = VfcVn-A,- + 2cos27r(^ + na)ip n , 

where a G R\Q, V fc are fourier coefficients of V{6) G C r '(T,M). These two 
operators are closely related by Aubry duality (consult section 12.31 for more 
details). 

We say that (oj,A) is C r reducible, if there exist B G C r (2T d , SL(2, R)) 
and A* G s/(2,R) such that B conjugates {to, A) to (w,.A*). It is clear that 
the concept of reducibility defined above for Liouvillean frequencies is too 
restrictive since in general even a R-valued cocycle is not reducible. So we 
need to introduce the weaker concept almost reducibility. A system (oj, A) is 
C r almost reducible (resp. almost rotations reducible) if there exist sequences 
of B n G C r {2T d ,SL(2,R)), A n G s/(2, R)(resp.A n G C r (T d , so(2,R))) and 
F n G C r (T d ,sl(2,R)), such that B n conjugate (u,A) to (uj,A n + F n ), where 
F n is C r converging to zero. Another useful concept is rotations reducibil- 
ity. We say that (qj, A) is C r rotations reducible, if there exist B G C r (2T d , 
SL(2, R)) and A* G C r (T d , so(2, R)) such that B conjugates (w, A) to (w, A*). 
These concepts can be defined similarly for cocycles A G Co(T d_1 , SL(2, R)). 
We say that the operator Ly jaj(p , (resp.i/y.a,^) displays Anderson localiza- 
tion, if it has pure point spectrum with exponentially decaying eigenfunc- 
tions. We remark that reducibility, almost reducibility and Anderson local- 
ization are important issues in the study of quasi-periodic linear systems 
and the spectral theory of Schrodinger operators [HE]. 

1.1. Classical results review. 

1.1.1. Reducibility of analytic quasi- periodic linear systems. The earliest re- 
sult of local reducibility was due to Dinaburg and Sinai [15], who showed 
that (uj,VE,q(9)) is reducible for "most" sufficiently large E, where oj is 
assumed to satisfy the classical Diophantine condition: 

\(k,u)\>hp, 0^keZ d , 
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and 7, r > 1 are fixed positive constants. Here (7, r) are called the Diophan- 
tine constants of to. Later, Eliasson |16j obtained the full measure reducibility 
and the almost reducibility for (u, VE,q{&)) with Diophantine uj. The proof is 
based on a crucial "resonance-cancellation" technique which was initially de- 
veloped by Moser and Poschel [30J. It should be noted that these results are 
perturbative. Stronger concept is non-perburbative reducibility, which means 
that the smallness of the perturbation does not depend on the Diophantine 
constants (7, r). 

However, few results for quasi-periodic linear systems were obtained since 
|16j until |21j . Based on a unified approach (KAM theory and Floquet the- 
ory), Hou and You |21j proved that any two- frequencies quasi-periodic linear 
system close to constant is always almost reducible and non-perturbative re- 
ducible. They further proved that it is analytically rotations reducible if the 
rotation number is Diophantine w.r.t uj. 

1.1.2. Anderson localization. Since non-perturbative reducibility results for 
quasi-periodic Schrodinger cocycles strongly depends on Anderson localiza- 
tion for the dual operator, we review the Anderson localization results first. 
For the almost Mathieu operator H\ cos a ^, Jitomirskaya [22] proved that if 
a is Diophantine, A > 2, then for a.e. (j), Hx COS(X a > has Anderson localization. 
In the sequel, Avila and Jitomirskaya [6j further proved that if A > 

then H\ cos ^ a ^ has Anderson localization. Similar results for long-range op- 
erator L\v t a,<p were considered by Bourgain and Jitomirskaya [12], Avila and 
Jitomirskaya [7], and we refer to [10^111] for results on Schrodinger operators. 

1.1.3. Reducibility of analytic quasi-periodic cocycles. Combining Aubry du- 
ality pQ with Anderson localization results |12| . Puig |31] obtained a non- 
perturbative extension of Eliasson's results. Avila and Jitomirskaya [7] fur- 
ther developed a quantitative Aubry duality to prove that almost localization 
implies almost reducibility for the dual model. 

Different from the continuous case, global reducibility of quasi-periodic co- 
cycles (reducibility of a cocycle which is not necessarily close to a constant) 
is being developed rapidly. Based on Kotani theory [24, 33j and renormaliza- 
tion scheme [25], Avila and Krikorian [8] proved that: if a is recurrent Dio- 
phantine, A G C$(T,SL(2,R)), then for Lebesgue a.e. ip G [0,1], {a,R^A% 
is either analytic reducible or non-uniformly hyperbolic. With respect to 
Liouvillean frequency, Fayad and Krikorian |18] first obtained that: if a is 
irrational, A G Cg°(T, SL(2, M)), then for Lebesgue a.e.cp G [0, 1], {a.R^A) 
is either C°° almost rotations reducible or non-uniformly hyperbolic. Their 
main techniques in the proof were "algebraic conjugacy trick" and renor- 
malization scheme [8]. Later, Avila, Fayad and Krikorian [5] developed this 
method and obtained a local positive measure rotations reducibility result. 

lr The definition of j3 can be found in section [2TT1 
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Subsequently, they further proved that for Lebesgue a.e.p G [0, 1], (a, R^A) 
is either analytic rotations reducible or non-uniformly hyperbolic. 

Recently, Avila [3j proposed an authentic "global theory" of one- frequency 
SL(2, R) cocycles. Cocycles which are not uniformly hyperbolic are classified 
into three classes: supercritical, subcritical and critical. A central issue 
in the reducibility theory is his Almost Reducible Conjecture: "subcritical 
implies almost reducibility". If a is exponentially Liouvillean, Avila [4] 
proved the conjecture and obtained a corollary: any one- frequency analytic 
quasi-periodic cocycle close to constant is almost reducible. 

1.1.4. Comparison of continuous case and discrete case. In the continuous 
case, local almost reducibility result is completely established recently by 
Hou and You [21 j , while there is no result for global reducibility. Since there 
is no Aubry duality [I] in the continuous case, reducibility can not be ob- 
tained by proving localization or almost localization of the dual system as in 
the discrete case [31]. However, there is a uniform way to prove the local 
almost reducibility results directly in the continuous case. Unfortunately, 
the methods developed in [21] can not be applied to quasi-periodic cocycles 
directly. Global reducibility results are completely missing for continuous 
systems since there is no suitable renormalization scheme as in the discrete 
case. It is still an interesting question whether there is corresponding renor- 
malization scheme for the quasi-periodic linear systems. We note that [13] 
also used renormalization technique to get reducibility results, however, the 
method can only be applied to the local situation and restricted to Brjuno 
frequency. 

In the discrete case, although various global reducibility results [31 El 
[TE[ |2"5] were obtained, local almost reducibility results are not satisfactory. 
Firstly, there is no unified and direct approach to deal with the almost re- 
ducibility problem for the quasi-periodic cocycles even in the local regime. 
The existing approach which highly depends on the localization results for 
the dual model, works only for Schrodinger cocycles. Secondly, as pointed 
by Avila, Fayad and Krikorian [5], the study of parabolic behavior was miss- 
ing, also there was no generalization of Eliasson's results [16J . Readers may 
refer to the section 1.1 of [5] for more discussions. 

In this paper, we shall establish a local embedding theorem, which serves 
as a bridge between analytic quasi-periodic linear systems and quasi-periodic 
cocycles. With this powerful tool, we can deduce fruitful new results. For 
example, one can exchange the almost reducibility results of quasi-periodic 
linear systems and quasi-periodic cocycles for free and then get many missing 
results both for the continuous systems and discrete cocycles. Furthermore, 
combining Aubry duality, we deduce Anderson localization results for the 
long-range operator with Liouvillean frequency. The proof of the local em- 
bedding theorem is interesting in itself and has further generalizations. 

1.2. Embedding theorem. 
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(1.4) 



1.2.1. A local embedding theorem. Let Q = sl(n,M.),sp(2n,M),o(n),u(n),so(n) 
and let G be the corresponding Lie groups. We consider the following C r 
quasi-periodic linear system: 

i = A(9)x 
9 = u = (l,fi), 

where A G C r (T d ,Q), fi G T d ~ 1 with being rational independent, 

= (0 l9 0), = (6 2 ,- ■■ ,e d ). Denote by $* the flow of (H3D defined on 
T^R" which is of the form: $*(0i, 0,y) = (0i + t, + t/x, $*(0i, 0)y). We 
introduce >4(-) = < I )1 (0,-) which is clearly defined on T rf_1 and called the 
corresponding Poincare cocycle defined by ()1.4|) . What we are interested in 
is the converse, whether we can embed a given C r quasi-periodic cocycle 
into a C r quasi-periodic flow? Apparently such a cocycle must be homotopy 
to the identity. 

If r / u, using the method of suspension flow, Chavaudret [13] proved 
that any C r smooth G— exponential cocycle can be C r embedded into 
the flow. Rychlik [32] proved that any C r smooth SU (2) cocycle can be 
C r embedded into a quasi-periodic flow, the proof strongly depends on the 
fact that SU (2) is simply connected. Both methods can't be applied to the 
analytic case. 

The aim of this paper is to provide a new method to prove the local 
embedding of an analytic quasi-periodic G— valued cocycle into an analytic 
quasi-periodic linear system. For a bounded analytic function F defined on 
\ImO\ < h, let \\F\\ h = sup\ Im8 \ <h \\F\\. We denote by C%(T d ,*) the set of 
all these *- valued functions (* will usually denote R, Q). The main theorem 
is the following: 

Theorem 1.1. Let h > 0, fi G T d_1 with (1,//) being rational independent, 
A eg, G G C%(T d -\g). There exist e = e(A,h,\fi\) > 0, c = c(A, h, > 
such that the quasi-periodic cocycle (fj,,e A e G ^) can be analytically embed- 
ded into a quasi-periodic linear system provided that \\G\\h = £ < e. More 
precisely, there exist A G Q, F G C^j l+ ^^{T d ,Q) with < ce 1//2 , 

such that (fi,e A e G ^) is the Poincare map of 

= (A + F{9))x 

= (i,aO- 

Remark 1.1. The selection of A and precise estimate on F in Theorems \l.l\ 

will be given explicitly in the proof. We emphasize that A = A, < 
ce if A is diagonalizable. 

Remark 1.2. The C r (r ^ uS) version of the local embedding theorem is 
also true. Different from [13J, the local structure is preserved with precise 
estimates. 



^It means that the cocycle can be written as e A ^'\ 
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Remark 1.3. The local embedding theorem is also true when is ratio- 

nal dependent. Although the result is trivial by Floquet theory, we will prove 
these results in a unified approach. 

Remark 1.4. If d > 3, an example by Bourgain [9j shows that Eliasson's 
perturbative reducibility result is optimal. Since the embedding theorem does 
not depend on any Diophantine condition of the base dynamics, we do embed 
some non-uniformly hyperbolic cocycles into quasi-periodic liner systems. 

1.2.2. Global embedding results. We have partial results for global embed- 
ding of analytic quasi-periodic cocycles into quasi-periodic linear systems, 
which are restricted to one-frequency cocycle. The following observation is 
crucial: 

Proposition 1.1. Let p £ fd-i w ith being rational independent, A G 

C w (T rf_1 ; SL(2,R)). Suppose that (p,A) is conjugated to (fi,A), and (p,A) 
can be embedded into an analytic quasi-periodic linear system, then (p,A) 
can also be embedded into an analytic quasi-periodic linear system. 

With the help of Proposition [TTTJ we get the embedding result of uniformly 
hyperbolic and almost reducible cocycles: 

Corollary 1.1. Let a G R\Q, A G C$(T,SL(2,R)), then we have the 
following: 

(1) Any uniformly hyperbolic cocycle can be analytically embedded into 
a quasi-periodic linear system. 

(2) If (a, A) is almost reducible, then (a, A) can be analytically embedded 
into a quasi-periodic linear system. 

As a result of Corollary ll.lt we obtain that if a global cocycle is reduced to 
the local regime, then it can be analytically embedded into a quasi-periodic 
linear system, if we recall results of [U [5], then we have: 

Corollary 1.2. Let a G R\Q, A G Cq(T, SL(2, R)), then we have the 
following: 

(1) // E = {ip G [0, l]|L(a, R<pA) = 0}, then for almost every <p £ E, 
(a, RtpA) can be analytically embedded into a quasi-periodic linear 
system. 

(2) Assume furthermore /3(a) > 0. If (a, A) is subcritical, then (a, A) 
can be analytically embedded into a quasi-periodic linear system. 

Question: For any (a, A) G R\Q x Cfi(T,SL(2, R)), whether it can be 
embedded into an analytical quasi-periodical linear system? 

1.2.3. Nonlinear local embedding results. We point out that our proof of 
local embedding theorem is not restricted to linear case. For example, we 
can prove the following nonlinear local embedding result. 

Theorem 1.2. Let p > 0, r > 0, s > 0, and p G T rf_1 with (1,/i) being 
rational independent, f G C^ S (T x T d_1 ,R). There exist c = c(p,r,s) > 0, 
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e = e(p,r,s) > such that if \\f\\ r ,s — £ i then the quasi-periodically forced 
circle diffeomorphism: 



can be analytically embedded into a quasi-periodically forced circle flow 



with the estimate ||g||_r_ s < c||f|| rs . 

Remark 1.5. Analytic embedding of nearly integrable symplectic maps into 
Hamiltonian system is given by Kuksin and Poschel [28J . 

Since the result can be proved with the same method as in our paper, 
we will omit the proof. Consult Remark 13.41 for more discussions. Readers 
can find more interesting results on quasi-periodically forced circle diffeo- 
morphism in |27| . 

1.3. Applications of the embedding theorem: from dynamical side. 

1.3.1. Equivalence. By applying the local embedding theorem, we prove that 
almost reducibility of an analytic quasi-periodic system is equivalent to al- 
most reducibility of its corresponding Poincare cocycle. 

Theorem 1.3. An analytic quasi-periodic linear system (oj,A) is almost 
reducible (resp. rotations reducible) if and only if its corresponding Poincare 
cocycle (/J,, A) is almost reducible (resp. rotations reducible). 

Remark 1.6. In [26J, Krikorian proved that a quasi-periodic linear system 
(uj,A) is reducible if and only if its corresponding Poincare cocycle (p,A) is 
reducible. 

As applications of local embedding theorem and the equivalence of almost 
reducibility, we get many missing results both for the continuous systems 
and discrete cocycles. 

1.3.2. Local reducibility of analytic quasi-periodic cocycles. Let a S R \ Q, 
A G C U (T, SX(2,R)). Is there a full Lebesgue measure subset A(a), which is 
explicitly given by some Diophantine condition, such that if A is sufficiently 
close to constant and the rotation number rot/(a, A) S A(a), then (a, A) 
is rotations reducible? This question was asked in [5], it can be seen as 
a generalization of Eliasson's result [16J. We would like to give an even 
stronger result to the question: 

Theorem 1.4. For every aGl\Q, h > 0, Ae C£(T, ST(2,R)). If the 
rotation number rot t (a, A) is Diophantine w.r.tuo, 



(1.5) 



{ 



cp ->• <p + fx 



(1.6) 




\\A-R\\ h < Cmin{h 2x ,l}e 



lgTjjl 
1 + Q 
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for some constant matrix R, and C, x <ire numerical constants. Then we 
have the following: 

(1) The cocycle (a, A) is analytically rotations reducible. 

(2) If /3(a) = 0, then (a, A) is analytically reducible. 

(3) Furthermore, if 2nh > (1 + a)/3 > 0, then (a, A) is analytically 
reducible. 

Remark 1.7. Combining results of [I] and [5j, Avila gives an answer to the 
question. Our results will be more natural, and have nice spectral applica- 
tions. 

In fact, the following stronger result on the local Almost Reducibility 
Conjecture is also a consequence of local embedding theorem and results of 

Corollary 1.3. Any one-frequency analytic quasi-periodic SL(2,R) cocycle 
close to constant is almost reducible. 

Remark 1.8. It is a new proof of Avila-Iitomirskaya's theorems [H [7]- 
When /3(a) = 0, their proof is based on almost localization results for Long- 
range operator [7\; when /3(a) > 0, his proof depends on periodic approxi- 
mation [1]. 

1.3.3. Global reducibility of analytic quasi-periodic systems. As immediate 
corollaries of Theorem 11.31 and the results of [H [5], we get some global 
reducibility results for analytic quasi-periodic linear systems: 

Corollary 1.4. Let oj = (l,a) with a G R\Q, A e C U (T 2 , s/(2,R)). Then 
we have the following: 

(1) For almost every rotational number rot/ (oj, A), (oj,A) is either non- 
uniformly hyperbolic or (analytically) rotations reducible. 

(2) Assume further more /3(a) > 0. Then (uj,A) is almost reducible if it 
is subcritical. 

Remark 1.9. By Corollary \l-4l we obtain that the Schrddinger conjec- 
ture [29] (in the essential support of the absolutely continuous spectrum, the 
generalized eigenf unctions are almost surely bounded) is true for continu- 
ous quasi-periodic Schrddinger operator. This result was first verified in a 
Liouvillean content for the discrete case jo] . 

1.3.4. Density of positive Lyapunov exponents. As an application of Corol- 
lary [T31 we have the following result: 

Corollary 1.5. Let oj = (l,a) with a 6 M\Q. Then there is a dense set 
of A £ C W (T 2 , sl(2, IR)) (in the usual inductive limit topology) such that the 
linear quasi-periodic system (uj,A) has positive Lyapunov exponent. 

The result has been proved in the discrete case (2j[lH]. If a G M is recurrent 
Diophantine, the result was proved in [26]. With the help of Corollary II .4[ 
the proof can be carried over for arbitrary irrational a without change. It is 



LOCAL EMBEDDING THEOREM 



9 



still open whether uniformly hyperbolic is dense in the category of analytic 
quasi-periodic SL(2, R)-cocycles which are homotopic to the identity. 

1.4. Applications of the embedding theorem: from spectral side. 

We consider the following long-range quasi-periodic operator: 

{L\v, a ,^)n = A VfcVn-fc + 2cos2-rr(ip + na)ip n . 
fcez 

When a is Liouvilean, due to Gordon's lemma [19], one often expect that 
the operator has singular continuous spectrum. Our result will be if /3(a) 
is positive and finite, then for a suitable range of A Anderson Localization 
occurs. This result gives a new proof of previous work [BJ [12]. What is 
interesting is that we obtain these Liouvillean results from the reducibility 
side, without any localization method. 

Theorem 1.5. Let a G R\Q be such that /3(a) < oo, 2-rrh > (1 + a)/3, 
V G C^(T,M). Then there exists a set «1> : T of full (Lebesgue) measure, 
such that if 4> G 

A < Cmin{h x , \}e i+« ||y||(i +a )/9/27r , 

where C, x are numerical constants, then the long-range operator L\v t a,^> 
has Anderson Localization. 

Remark 1.10. It is obvious that there exist constant c\ = c\(V), C2 = 02(h), 
such that if A < e~ cl/3 ~ C2 , then Lxv,a,4> has Anderson Localization. 

In case a is Diophantine, the result is due to Bourgain-Jitomirskaya [12J. 
Avila and Jitomirskaya [7] proved that if a is not super-liouvillean: £ = 
sup n>0 n ^ n+1 < 00, then for A < Xo(h, V), L\v,a,4> is almost localized for all 
4>, and has Anderson Localization for a.e.cj). Actually, though Aubry duality, 
we can obtain almost localization by almost reducibility. We don't pursue 
this way in this paper. 

If we are restricted to almost Mathieu operator, we can obtain better 
estimate: 

Theorem 1.6. Let a G M\Q be such that /3(a) < 00. If X < ce~^ , with small 
constant c, then the almost Mathieu operator LxcosaS displays Anderson 
localization for almost every (p. 

Remark 1.11. In [B], the authors proved that if X < ^e~ 16 ^/ 9 , then if (3 
is large, our result improves theirs. It is still open whether the optimal 
condition is X < \e~" [BJ. 

Outline of the paper. We first include some preliminaries in section 2. 
In section 3, we give the proof of the local embedding theorem and show 
some global embedding results in section 4. As applications, we prove the 
equivalence of almost reducibility between the continuous flow and discrete 
Poincare cocycle in Section 5. The proof of Theorem II. 51 is shown in Section 
6. 
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2. Preliminaries 

2.1. Continued Fraction Expansion. Let a S (0, 1) be irrational. Define 
ao = 0, «o = oi, and inductively for k > 1, 

1 

«fc-i 



a fc = t a fe-i]' a & = a fc-i ~ a k = G(a k -i) = { }, 



We define 

Po = 0, Pi = 1 
go = 1, qi = ai 

and inductively, 

Qk = akQk-i + Qk-2- 

It is easy to verify that 

VI < k < q n , \\ka\\r > ||g n _ia||T, 

and 

1 

||?na||T < 



Qn+1 

thus (q n ) is the sequence of denominators of the best rational approximations 
of a. 

We also denote 

or \ r ln Qn+l 
p(a) :=limsup , 

n— >oo Qn 

which means /3(a) measures how Liouvillean a is. 

2.2. The rotation number. Denote the flow of (jl.ip by 3>'(0), then we 
define the rotation number of (jl.ip by 

org($ f (g)x) 
rot/(o;,^)= hm , 

where / i 6 R 2 , org denote the angle. It is well-defined and independent 
of (9, x) [23] . The rotation number can be defined similarly for quasi-periodic 
cocyles (a, A) £l\Qx C£(T, SX(2,R)) [26J. The rotation number rot/ is 
said to be rational w.r.t. a if rot/ = ^(ko,a) for some ko £ Z. It is said to 
be Diophantine w.r.t. a with some constants 7, r > 0, if 

||(fc,a)-2rot / || R/ z> T nr J O/fceZ, 



and we use DC a {^, r) to denote the set of all such rotj. The rotation number 
is not invariant under conjugation, but one has the following, the proof can 
be found in 126 . 
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Proposition 2.1. Let (a, Ai), (a, A 2 ) £l\Qx Cq(T, SL(2, R)) 6e too 
conjugated quasi-periodic cocycles. If the conjugacy B S C r (T, SL(2, R) and 
/ias degree k, then 

iotf(a, Ai) = rotj(a, _4 2 ) + «) wod 1, 
If the conjugacy B S C r (2T, SL(2, M) and has degree k, then 

1 

rot/ (a, „4i ) = rot / (a, ^2) + -(&, a) 1, 

2.3. Aubry Duality. Suppose that the eigenvalue equation Hy^^x = Ex 
has an analytic quasi-periodic Bloch wave, which means there exist ip £ 
C""(T,C) and cp e [0, 1) such that 

(2.1) x n = e 2 ™^ (no + 4>) ■ 

We call tp the Floquet exponent. If we write ip = J2nei* j then direct 

computation shows that 

} j Vk^n-k + 2 cos 27r (na + (p) tp n = Eipn, n G Z, 

which means (Ly^^^n = Eip n . If a is irrational, then there exists a L (XV, a) C 
M, such that 

cr L (Ay,a) = 5pec(L A y )a>¥ ,), V</>. 

The rigorous version of the Aubry duality can be found in [12\ [20l 131] . 

Let o~p p (V, a, (p) be the set of point eigenvalues of Ly >(Xjip which has expo- 
nentially decaying eigenfunctions, and let By tQjtf be the set of spectrum of 
Hv,a,4> which has quasi-periodic Bloch wave with Floquet exponent (p. 

Lemma 2.1. The following facts hold: 

• <T%p(V,a,(p) = B V;a>(p , 

• a H (V,a) = a L (V,a). 

The proof can be found in [31] . 

3. Proof of Theorem 11.11 

The local embedding theorem will be proved by Implicit Function Theo- 
rem. The crucial points are the solution of the homological equation and the 
construction of suitable Banach spaces. We remark that our proof doesn't 
use the method of suspension flow or the typical property of the Lie group. 
The method can also be used to prove the nonlinear version of the local 
embedding theorem. 
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3.1. Resonance sites. For any k = (ki,k2,--- ,kd) G we define the 
norm of k by 

|k| = \h\ + \k 2 \ + ■ ■ ■ + \k d \, 
and for any p, = (p\, p 2 , • • • , Pd) S TT d , we define its norm by 

H = I + |M2 1 H h 

If = £ keZ , d /(k)e 2 ™< k ' e > G C£(T d ,C), we use the weighted norm 

||/|| h := Yl l/(k)|e 27r|k|ft < oo, 

where 6> = (6>i, - - ■ ,9 d ) and (k, 9) = k 1 9 1 -\ h fe d 6» rf . 

For any p G R, /i G T d_1 , k G Z d_1 , we define jfc(k) G Z by 

(3.1) | (k, M ) + 2p - k\ = inf | (k, p) +2p-k\. 

Thus k(k) is uniquely defined if inf^z I (k, p) + 2p — fe| 7^ ^. In case that 
inffcg^ I (k, /j,) + 2p — k\ = |j we choose fc(k) to be the smaller one which 
satisfies (|3.ip . 

By the construction, fc(k) is uniquely defined and 

k(k) G {[(k,/i) + 2p] - 1, [(k, M ) + 2p], [(k,^) + 2p] + 1}, 
where [•] denotes the integer part. 



Define the resonance sites Sn C Z d as follows 



(3.2) ^ t :={(Mk),k),kGZ d - 1 }. 

For any / G C%(T , C) supported on Sp, we define its weighted norm by 



p,h ' 



2 |/(fe(k),k)|e 2 ^ k K 1+ l^) h , 



therefore we define the linear sub-space B^ h (T d , C) of C^(T d ,C): 

^(T d ,C) = {/ G C£(T* C)|Supp/(fci,k) c Sfi. 
The sub-space £^(T d ,]R) of C£(T d ,M) is defined similarly. 
Remark 3.1. In case that d = 2, we have 

e - 2 .M2-2|p|) |m| ^ < ^ < e 2«k(2\p\ + l) m ^ 

which means that the norms || • \\^ h and \\-\\h i n Bph are equivalent. In case 
that d > 3, we only have 

(3-3) ||/|U<e 2 ^ 2 H +1 )||/||^. 

In the following, we will show that £> M h (T d , C) is actually isomorphic 

to C£(T d_1 , C), hence a Banach space. The spaces will be used to construct 
the embedded linear system. 
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3.2. Embedding operator. For any / G C%(T d ,C), A G R, p G R, we 
define the linear operator 



by 



p 'i+ImI 



J o 



If A 7^ 0, we have 

_ 47rA+27ri(fc(k) + (k,^)+2p) _ i 

T X +iJ(0)= Y /(jfc(k),k)— = ^_ e 2«(k,( 

kill VA + 2vn(fc(k) + <k,^> + 2p) 

where (A;, k) G <Sp, consequently, 

||7WIU= E IW(k)|e 2# <— 



47rA r- — 

kez^- 1 11 

If A = and p is not rational with respect to p, which means for any 
(k, k) G S%, fc(k) + (k, p) +2p^ 0, then we have 

T ip f{9)= Y /(A;(k),k)— L e 2T»(M> 

consequently, 



(3.4) ||W|U= E lC/(k)|e W < 

If A = and p is rational with respect to p, or in particular, (l,p) is 
rational dependent, then there exist k G Z d_1 , fe(k) G Z, such that fc(k) + 
(k, p) + 2p = 0, we have 

Zip/W = /(Mk),k)e 2 -^ e ) 

^ _ e 27ri(fc(k) + (k,p>+2p) _ 1 

ke z^k,k W(k) + <k,,*> + 2p) 

then (|3.4|) still holds. Hence in any case, T\ +ip is a bounded linear operator. 
We just point out that when p = 0, 

T\ : £ M ^(T d ,R) -> C^(T d - 1 ,R) 

p, i+ImI 

is a bounded linear operator which maps real functions to real functions. 

We say that Tx + ,- ip is an embedding operator if T^ +i is a bounded linear 
operator. In the following, we prove that T\ + i p is a linear operator which 
does have a bounded inverse. 
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Proposition 3.1. For any A G R, p G M., h > 0, /x G T roe /ioue 
is a bounded linear operator. When p = 0, we Ziawe 



7T 1 : C^(T d-1 ,R) -> e M h (T d ,M). 



p '1+ImI 

Proo/. For any p G C^(T d_1 , C), we write <p(6) = EkeZ^-i ^(k)e 2 ™< k - e > . 
We first consider the case that (1, /i) is rational independent, three cases are 
distinguished. 

Case 1 If A 7^ 0, then we define 

f 4n\+2ni(k 1 + Q S ., f i)+2p) 1,-1 

v 7 \ h^-k 

where (k, k) G Sp. 

Case 2 If A = and p is not rational with respect to p. In this case, we 
define f(k±, k) by 

(3.5) /(*l,k) = ^ e^i + ^^.^W «1- « 

where (fc, k) G 5p . 

Case 3 If A = and p is rational with respect to p, which means that there 
exist ki G Z, k2 G Z rf_1 , such that 1p = —k\ — k2p. For k = k2, we define 

f(h,k) = { ^ (k) kl = * 1 
JK ' 1 k^h. 



Otherwise, for k / k2, we define f(k\,k) by (|3.5|) . 

If is rational dependent, the construction is included in case 3. 

In any cases, by our construction, 

f(0 1 ,0)= f(ki,k)e 2 ^ k ^ + ^ 

is uniquely defined and it satisfies T\+i p f(0,9) = ip{0). Also from the con- 
struction, one sees that f(k\,k) is supported on the resonance sites Sp. We 
now show T^- is bounded. 
If A / 0, we have 



7TV16A 2 + 1 

- 1^ i Wllhi 



which follows by (k±,k) G Sp and the estimate 



4vrA + 2vri(/ci + (k, p) + 2p) 



e 47rA+27ri(fci + (k,^)+2p) _ \ 



< 



TT 



2 



= 47rA _ 
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Otherwise, if A = 0, by our selection that (&i,k) G Sp, then we have 



2-Kiih + (k,fj) + 2p) 



e 27ri(fci + (k,^)+2p) _ I 



TT 

<2' 



consequently, we have 



7T 

P.TTR 2 



'" h < -ll^ll/i- 



We conclude that is a bounded linear operator, and hence B^ h is a 

Banach space. 

When p = 0, 99 is real analytic, from the formula for /(fe(k),k), one has 



/(fc(-k),-k) = /(-fc(k),-k) = /(fc(k),k). 
This proves that / is real analytic. □ 
Remark 3.2. Similar construction was used by Fayad-Katok-Windor in 

□a. 



Remark 3.3. The C r (r ^ oS) version of the proposition is also true (just 
check the decay of Fourier coeffients), which can be used to prove the C r 
embedding of quasi-periodic cocycles into quasi-periodic linear systems. 

Remark 3.4. One can also prove that for any (p G C W (T x T d_1 ,R), there 
exists f G C W {T x T d ,R), such that 

l 

f(e + P t,t,(j) + tfj,)dt = <p(e,<i>). 





This fact can be used to prove the nonlinear local embedding of analytic 
quasi-periodically forced circle diffeomorphism into quasi-periodically forced 
circle flow (c.f. Theorem M.Sfy . 

For any A G *Z(2,R), let L : C£(T d , sZ(2,R)) -»■ C%(T d ~ l , sl(2, R)) be the 
operator 

(3.6) LF= f e- As F(s,e + sp)e As ds. 

Jo 

In the following, we shall prove that there is a Banach sub-space B of 
C%(T d ,sl(2,R)), depending on A, such that L : B -> C^T^ 1 , s/(2,R)) 
is a linear operator with bounded inverse. 

We recall s/(2,R) is the set of 2 by 2 matrices with real coefficients of the 
form 

x y + z 
y — z —x 

where x,y,z G R. It is isomorphic to su(l, 1), matrices of the form 

it v 
v —it 
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with t E R, v G C. We denote such a matrix by {t, v\. The isomorphism 
between sZ(2,R) and su(l, 1) is given by B -> MBM' 1 where 

Direct calculation shows that 



y — z — x I \ x + ly —iz 

Denote H = ( J _\ J > J = f _\ J J > then we have # : = MJM' 1 = 

i \ 
-i J ' 

For any p G K, li > 0, £ T^ -1 , we define Banach spaces 

(3.7) 8= {( ^ J.) feB» h (T d ,R), 5 e^ h (T d ,C)}, 

IV 9 */ / u 'i+ImI p 'i+ImI 

and 

(3.8) £> = M~ X BM. 

We point out that C C£(T d , su(l, 1)) and thus 6 C C^(T d , sZ(2, R)), since 



by (|3.3p . we have 

2irh(2|p| + l) 

11/11 ,<e^^||/r h . 

i+ImI p, t+R 
As a corollary of Proposition 13.14 we have the following: 

Corollary 3.1. For any p G R, h > 0, /i G T d_1 , i/ie linear operator 
defined by 



(3.9) 



LF= f e - 27TpRs F(s,9 + sp)e 2wpRs ds, 
Jo 



is bounded. Moreover, there exists C(p,h, \p\) > suc/i i/iai 

I^ 1 :C^(T d - 1 , S u(l,l))->B 
is bounded with \\L 1 1| < C(p, /i, |yu|). 
Proof. For any F = {/i, /2} G £>, we have 

,"V ifi(8,9 + 8f JL) h(s,0 + S p)e- A ^ 3 

*T /i T_,; p / 2 
Therefore, L is a bounded linear operator. 
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For any G = {gi,g 2 } € C%(T d ~ 1 ,su(l, 1)), by Proposition EH and (|3~3l) . 

there exists a unique /i e h (T d ,R), such that To/i = gi, with the 

'T+R 

estimate 

2-kH 7f 2-Kh 

11/ilU < e^ll/it < Tre 1+Ifl1 IMU- 



Again by Proposition l3 . 1 1 and (j3.3|) . there exists a unique /2 G £> M h (T , C), 
such that T-i P f2 = 52, with the estimate 



i+ImI 



27rft(2|p| + l) 7j- 27rh(2|p| + l) 

||/ 2 |U<e i+iMi ||/ 2 f h < -e i+iMl H^llfc. 

^'i+ImI ^ 

We remark that Tjp/2 = 52 • 

So there exists a unique F £ B such that LF = G with the estimate 

\\F\\ h <C(p,hM)Mh, 

27rh(2|p| + l) 1 

where C(p,h, \p\) = |e . It follows that L exists and is bounded 

with HI -1 1| < C(p,h, \fi\). □ 

Corollary 3.2. For any p G R, h > 0, fi G T^ 1 , let A = 2vrpJ, then the 
linear operator 

L : B —?■ C%{T d -\sl{2,m.)) 

defined by (|3,6p is bounded. Moreover, there exists constant C(p,h,\p\) > 
such that 

L- 1 : C%(T d -\sl{2,R)) -> B 
is bounded with ||£ -1 || < C(p, h,\fi\). 

Proof. It is an immediate corollary of Corollary 13. 1\ since the Banach spaces 
C£(T d , sZ(2,R)) and C^(T d , s«(l, 1)) are isomorphic by B -»• MBM~ X . □ 



If j4 is hyperbolic, the operator defined by (|3.6p is still bounded, which is 
the following: 

Corollary 3.3. For any A G R, Zi > 0, /i G T^ 1 , Zei A = 2vrA#, 
i/ien i/ie linear operator 

L : B -> C^(T d - 1 ,s/(2, 



de/med fry (EH) is bounded. Moreover L' 1 : C^(T d_1 , s^(2, R)) -> is 
founded mt/i || ^ 1 1| < "gff e^T. 

Proof. We omit the proof since it is similar with the proof of Corollary 
IBTT1 □ 
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3.3. Proof of Theorem ll.lL In order to make the ideas of proof clearly, we 
will only prove the theorem in the group <SX(2,R), and just give an outline 
of the proof in other Lie groups. The following embedding theorem also 
includes the case that is rational dependent. 

Theorem 3.1. Suppose that fj, G T d_1 , h > 0, G G C^(T d_1 , sl(2, M)), 
A G sl(2,M) being constant. Then there exist e = e(A, h, \fj,\) > 0, c = 
c(A,h,\n\) > 0, A G s/(2,R) and F G Cfc/i+ui s/(2, R)) such that the 
cocycle (/j,e A e G ^) is the Poincare map of 



(3.10) 



x = {A + F{0))x 
= u = (l,n) 

provided that \\G\\h = £ < e. Moreover, we have the following 

(1) If A is in the real normal forms ^ ^ ^ ) ° T \ 1 ' ^ en 

IIFII h < cei 

i+ImI 

Proof. Case 1. A is elliptic. Without lose of generality, we assume A = 
2vrpJ, and define B as in (pTBj) . Suppose that $*(0) is the flow of (pTIDjl . 

$*(0) = e At (7 + y e" As F(0 + su>)$ s (0)ds) , 

where J denotes the identity matrix. The cocycle (/i,e A e G ^') can be em- 
bedded into the linear system (|3,10p . which means $ 1 (O,0) = e A e G<yd \ i.e., 

(3.11) e A (l + j\- As F(s,9 + s^)$ s (O,0)<fe) =e A e G ^. 

We construct the nonlinear functional 

$:Bx C^(T^ 1 ,s/(2,IR)) -> (^(T d_1 ,5Z(2,R)) 

by 

tf(F,G)=I + / e- As F(s,0 + s/i)$ s (O,0)ds-e G W. 
J o 

Immediate check shows that ^(0,0) = 0, and 

D F V{F,G){F) = [ e- As F(s,9 + suj)$ s (0,8)ds 
Jo 

+ f e- As F(s,9 + sfi)D F $ s (0,9)F{s,9 + sfx)ds. 
Jo 
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Consequently, we have 

D F *(0,0)(F)= [ e- As F(s,0 + sfi)e As ds. 
Jo 

By Corollary E2J D F ^(0,0) : B -> C^(J d ~ 1 ,sl{2,R)) is a bounded linear 
operator with bounded inverse. Moreover, we have the estimate H-Dp^O, 0) _1 1| < 
C(p,h,\fj,\), where C(p, h, |/x|) is defined in Corollary 13.11 
By Implicit Function Theorem, when 

llGh - £< c( P , l hMr 

then there exists F G B C C w h (T d , s/(2,R)) with ||F||_h_ < C(p, /i, 

i+|mI !+ImI 

such that the nonlinear functional ^{F, G) = has a solution. That is to 
say (p,,e A e G ^) is the Poincare map of (|3.10p . 

Case 2 A is hyperbolic. Without lose of generality, we assume A = 2ir\H. 
In this case, the proof goes along the same line as in case 1. We only need 
to substitute B by £>, and Corollary 13.21 by Corollary 13.31 

1 





i 



£4 
£~3 



Case 3 A is parabolic. Without lose of generality, we assume A 

For any G G C£ (T d-1 ,sZ(2,R)) with ||G|| A < e, we set B = ( 
then we have 

/ o a\ 

BeA e G(0 S -i = e V y e G(.) ) 

with \\G\\h < e 3 - This means the cocycle (/x, e^e^^'^) can be seen as a per- 
turbation of (fJ>,I), then we apply case 1 to finish the proof. □ 

Remark 3.5. One can generalize the proof to other Lie groups without 
difficulty. Suppose the constant matrix A is diagonalizable, the proof follows 
case 1 above. Suppose the constant part A has Jordan blocks, the proof is 
similar to the case 3 above. 



4. Global embedding results. 

In this section, we first prove that embedding is conjugacy invariant 
(Proposition [LT]), and then apply it to prove some global embedding results. 

Proof of Proposition 11.11 

By the assumption, there exist B G C u (2T d , SX(2,R)) and the flow 
$*(0i,0) G C w (2T d ,SL{2,R)), such that 



B(6 + p)A(6)B(9)- 1 =A(9), 
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and 

A(9) = ¥(0,9). 

For (xx,x) e R d , 

<3? Xl (0, x - xi/i) = B(x - xx/j, + /i)' 1 ^ 1 ^, x - xifj,)B(x - xifx) 

is well-defined, 2-periodic in x and analytic. 
Once $ xi (0,x) is given, we define 

(4.1) **(aji,2) = $ Xl+t (0,x -xi/x)($ :Cl (0,x-xi/i)) _1 . 

Immediate check shows that <Sr(xi,x) is also 2-periodic in x\ and analytic, 
hence G C w (2T d , SX(2,R)). Next we show flU} indeed defines a flow. 
To prove this, let t — > t + s, then we have 

= $*(0i + s,0 + s/i)$ 9l+s (O,0 - 0^)($ ei (O,#- 
= $*(0i + s,0 + s/i)$ s (0i,0). 

The second equality follows from the substitution 9\ — > 9\ + s, 6 —> 9 + s/j,. 
It is clearly that 

^(0, 5) = 5(0 + //T 1 * 1 ^, 0)5(0) = 5(0 + /i)-M(0)5(0) = ,A(0), 

which means (/i,»4) can be embedded into the flow <I>*(0i,0). □ 
As an immediate consequence of Proposition 13.11 and Proposition II. 1\ we 
have the following embedding result for uniformly hyperbolic cocycle. 

Corollary 4.1. Let \i € T d_1 , u> = is rational independent, A £ 

C^{T d - 1 ,SL(2,R)). If [n, A) is uniformly hyperbolic, then it can be analyt- 
ically embedded into a quasi-periodic linear system. 

Proof. If (fJ,,A) is uniformly hyperbolic, then there exist ip E C"^(T a! ~ 1 , M), 
B € C U) {2T d -\SL(2,R)) such that 



5(. + ^(-)5(.)- 1 =^(- 



e^') 
e"**> 



By Proposition 13.11 there exists / E C UJ (T d ,M) such that T$f = tp, which 
means the quasi-periodic cocycle (/i, .4) can be embedded into 

f(0) o 

~f{9) 

u = (1,/i). 

Hence the result follows from Proposition ll.il □ 



Remark 4.1. 5y Corollary \4-l\ we get another proof of Theorem \3.1\ in 
the case A is hyperbolic, since uniformly hyperbolic is an open condition, if 
\\G\\h is small, then (fi,e A e G ^) is uniformly hyperbolic. 
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Corollary 4.2. Let a G R\Q, A G C^(T, SL(2,R)). 7/ (a, A) is almost re- 
ducible, then (a, A) can be analytically embedded into a quasi-periodic linear 
system. 



Proof. If (a, A) is almost reducible, then there exist B n G C£ (2T, SL(2, 
A n G sZ(2,R), F„ G C£ n (T,sZ(2,R)) with ||F n ||^ n < e n -> 0,"such that 

^(•)i?n(-)= J Sn(- + «)e A "e F "(-). 

When n is large enough, e n < e, where £ = e(.A n , /i n , a) is defined in The- 
orem flTTl By Theorem ll.il the quasi-periodic cocycle (a, e An e Fn ^) can be 
analytically embedded into a quasi-periodical linear system. Therefore the 
result follows from Proposition 11.11 □ 

5. Equivalence of almost reducibility results 

We only give the proof in the SL(2, R) cocycle case, it can be generalized 
to other Lie groups without difficulty. In the following, we let \i G T d_1 , 
to = (1,/i) is rational independent. 

Lemma 5.1. Let h > 0, A G C%(T d , sl(2, R)). If (to, A) is almost reducible, 
then the corresponding Poincare cocycle (n,A) is almost reducible. 

Proof. If (w, A) is almost reducible, then there exist B n G C% n (2T d , SL(2, R)), 
A n G s/(2,R), F n G C^ n (T d ,s/(2,R)) such that B n conjugate (to, A) to 

u { x = {A n + F n {6))x 

(5 } \e = W = (l, M ) 

with ||-F n ||/i„ < — ^ 0. Denote by the flow induced by (w,^4). Now 

we fix n which is large enough. 

Case 1 : A n is hyperbolic. In this case, (15. ip is uniformly hyperbolic, 
and then (to, A) is uniformly hyperbolic. Consequently, (fx, A) is almost re- 
ducible since it is uniformly hyperbolic. 

Case 2 : A n is elliptic. We write A n = 2itp n J , suppose that is the 

corresponding flow of (I5.ip . then we have 

(5.2) ¥(9) = e 2wtpnJ (L + j\- 2wspnJ F n (9 + su)$ s {6)dsy 

Denote by G\9) = e~ 27Ttpn J &(9), then 

G*(0) = 1+1 e~ 27VSpnJ F n (9 + ws)e 2 ™^ J G s (9)ds, 
Jo 

let 5 (t) = ||G*(0)|U n) then 

g(t) < 1+ / ||F n |U„ 5 ( s )ds. 

JO 
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By Gronwall's inequality, we have g(t) < e £nt . 

In the equation flJT2J), let t = 1, then we have ^(O, 0) = e 2wpnJ (I+F n (6)), 
with the estimate ||-Fn.||/i„ < fd £nd{t)dt < 2e n . Since -B n conjugates (w,j4) 
to (EH) : 



$'(o, 0) = B n (t, ^ + ^)**(o, e)B n (o, ey 1 . 

Let t = 1, we have 

B n {0, + ^'Ui^BniO, 9) = e 2 ^ J {I + F n (9)), 
which means that the Poincare cocycle (//, A) is almost reducible. 

Case 3 : A n is parabolic. Without lose of generality, W6 assume A n 

o 1 





1 



1 let B = ( £n _ x ] , then x = By transformation (|5.ip to 



E n A 



i 

with < £ n . It is then reduced to Case 2. □ 

The converse of Lemma 15. II is also true: 

Lemma 5.2. Let h > 0, A £ C%(T d , sl(2,R)), (n,A) is the corresponding 
Poincare cocycle of(uj,A). If(fi,A) is almost reducible, then (co,A) is almost 
reducible. 

Proof. If (n, A) is almost reducible, then there exist B n <G Cf ln (2T d - 1 ,SL(2, 
A n e sZ(2,R), F n G C^(T d ~ 1 ,s/(2,R)) with ||F n || h „ < e n , such that 

(5.3) A{-)B n {-) = B n {- + ii)e An e P ^. 

When n is large enoug h, by TheoremO there exists F n £ C" h (T d , sl{2, R)), 

i+|m 

such that the quasi-periodic cocycle (fj,,e An e Fn ^) can be embedded into 



(5.4) 



x = (A n + F n (8))x 



Suppose that <1> (9) is the corresponding flow of (|5.4jl . we thus extend 
B n (-) to the torus 2T d in the following way: for (x\,x) G M d , we define: 



(5.5) 5 n (xi,x)<I> :El (0, x - xi/i) = ^(O,^ - xin)B n {x - xifi). 
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Clearly, B n (xi,x) are analytic and 2-periodic in x. We now check that they 
are also 2-periodic in x\. By (|5.3p and (|5.5|) . we have 



B n (xi + 2, x)® Xl (2, x - x\pL)§ (0, x - xifj, - 2p) 
= B n (x 1 + 2,x)$ Xl+2 (0,x - Xl p-2p) 
= $ Xl+2 (0,x - X!p-2p)B n (x - Xl p-2p) 
= ® Xl (2,x - xi//)$ 1 (0,x - xifj. - 2p)B n (x - x\n - 2p) 
= $ xi (0,x — xip,)B n {x — xi/Lt)$ (0,x - xi/i - 2p) 
= B n (xi,x)Q Xl (0, x — xi/i)<I> 2 (0, x — xifj, — 2/jl), 

which means ~B n (x\ +2, x) = f? n (xi, x), and then IJ n G C"^ (2T rf , SL(2, 

By similar reasoning as above, we have 



_B n (0! + t, + tp)**(0i, 0) = §\B u Q)B n (d x $). 
This means _B n conjugate (w,j4) to (|5.4|) . it concludes that (w, A) is almost 
reducible. □ 

Lemma 5.3. Let h > 0, A G C^(T d ,sl(2,M.)), (p., A) is the corresponding 
Poincare cocycle of(uj,A), then (p,A) is rotations reducible, if and only if 
(co, A) is rotations reducible. 

Proof. If (u, A) is rotations reducible, the corresponding Poincare cocycle is 
clearly rotations reducible by definition. 

Now we prove the converse part. If (/i, A) is rotations reducible, then 
there exist K < h, B G C£ (2T d - 1 , SL(2, R)), if G C^(T d - 1 ,R) such that 

A(-)B{-) = B{- + p)R m . 

By Proposition 13.11 there exists p G (T d ,IR) such that it satisfies 

T+R 

I p(t,- + tp)dt = ip(-), 
Jo 

which means the quasi-periodic cocycle (p, ^( )) can be embedded into the 
quasi-periodic linear system (u,p(6)J). 

We now extend B(-) to the torus 2T d in the following way: for {x\,x) G 
R d , we define: 

B( Xl ,x)e 2 ^ ^ p(t ^- x ^ +Ul)dtJ = <^ Xl (0,x-x 1 p)B n (x-x 1 p). 
By the same reasoning as in Lemma 15.21 it can be checked that 
B G C w ht (2T d ,SL(2,R)), 

i+Im 

and 

5(0i +t,0 + t[i)e 2 "ti p ( ei+s > e+atl)daJ = **(0i,0)B„(0i,0), 
which means £> conjugate to (oo,p(9)J), it concludes that (oo,A) is 

rotations reducible. □ 
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Proof of Theorem 11.41 

First we recall results of |21|: 



Theorem 5.1. Let u = (I, a), a G R\Q, h > 0, A G sZ(2,M) and F G 
C»(T 2 ,sl(2,R)). // 

\\F\\h < Comin{h x ,l}, 
where Cq,x are numerical constants, then the following results hold: 

(1) The system (oj,A + F(9)) is almost reducible. 

(2) If the rotation number is Diophantine w.r.t uj, then it is analytically 
rotations reducible. 

(3) Assume furthermore that /3(a) = ; then it is analytically reducible. 



In [21], the transformation converges on analyticity strips of width going 
to zero. As remarked in [21], with minor modification of the proof, one 
obtains a strong version of the almost reducibility below: one can get con- 
vergence of the perturbation on strips of fixed widtlfl If we use such result, 
one can easily prove that in Theorem 15.11 if 2irh > > 0, the rotation 
number is Diophantine w.r.t uj, then the system is reducible. 

12-rrh 

We now finish the proof of Theorem ll.41 Suppose \\A— R\\h = £ < e J + a , 
then by TheoremEU there exist R G sZ(2,R) and F G C% /1+a (T 2 , sl{2, M)) 
such that the cocycle (a, A) can be embedded into the quasi-periodic linear 

— • — • 6irh 1 

system (uj,R + F) with estimate H-FH/i/i+a < e 1 + a £2 . Thus if 

6irh 1 h 

e i+Q£2 < CominU ) x ,l}, 

1 + a 

which means 

~ Ov — 127rh 

e < Cmin{h x , l}e !+« , 
then we can apply Theorem 15.11 and Theorem 11.31 to finish the proof. □ 

6. Proof of Theorem 11.51 

By Aubry duality, we know that the dual operator of L\v,a,^ is H\y,a,<f>- 
The eigenfunction equation Hxy^ ^x = Ex corresponds to the Schrodinger 
cocycle (a,Sg). We assume that 

||AV(0)|| h < £ < Cmin{h 2x , l}e~ 

and denote by 

R\v,a,<p = {E\rotf(a,SE V ) = ip + ^(k,a) modi}, 

$ = {(p\(p is Diophantine w.r.t a}, 

and recall that o~p p (\V, a, tp) and B\v,a,tp have been defined in section [2T3T 

The proof of Theorem 11.51 is distinguished into two steps. First we prove 
the following: 



4 In deed, in order to prove such strong version of the almost reducibility, one only need 
to re-estimate Lemma 5.2 of 1211. 
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Lemma 6.1. If ip E then R\v,a,<p = <7p P (-W, a, cp). 
Proof. By Lemma 12.14 it is sufficient for us to prove 
(6-1) R\V,a,<p = Bxv, a , v if <P G 

First we prove: 
(6.2) -Rav.q,^ ^> B\V,a,<p- 

1£E€ Bxv, a ,<p, then by Lemma 16 of [31J, there exists 5 € C W (2T, SX(2, R)) 
such that 

B(e + a)s^(e)B(er 1 =( C0SLp sintp 

V —sirup costp 

thus by Proposition I2.H we have rot/(a, S^) = ip + \{k, a) modi, which 
proves (|6.2[) . 
Then we prove 

(6-3) R\V,a,ip C B\V,a,ip- 

If tp E <3? is Diophantine w.r.t a, then rotj(a, Sg ) is also Diophantine 
w.r.t a. In fact, 

/ 7 
l|2y - fca|| R / z > 



implies that 

||2rot/(a, S^y) — fc'a||]R/z = \\2p + ka — k a\ 

> 7 > (l + |fc|)- T 7 
~ |fc-jfe'| T - \k'\ T 

Then by Corollary 11.41 { a i^W) ls rotations reducible, since we assume 
2nh > (1 + a)f3, in fact we have (a,S^) is reducible. So there exists 
analytic B : T -> 5L(2,K), fe 6 Z, such that 

It follows that the solution of H\y^ a ^x = Ex has quasi-periodic Bloch waves 
with Floquet exponent p + ka. Therefore (|6.3p holds. □ 

Then we prove the following: 

Lemma 6.2. IfipE$, then R\v,a,<p = o- H (XV,a). 

Proof. By (|6.1|) . we have 

R\V,a,<p = B\v,a,<p C ct^AV, a), 
it is sufficient for us to prove that 

a H (XV,a) C i?Av,a l¥ >- 

The crucial observation is that when restricted to the spectrum, the 
rotation number is strictly monotonic. To simplify the notation, we let 
rot f (a,S^ v ) = vot f (E). 
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Since for any ip G T, the orbit of {</? + ka modi} is dense in [0, 1], we 
can find E n G R\v,a,ip for any Eq G a H (XV,a), such that 

Totf(E n ) — y rot/(-Eb), n — )• oo. 

Moreover, we can assume (rot/ (E n )) n ^z is monotonic, since the rotation 
number is monotonic, we then have E n is monotonic and bounded (the 
boundness follows from the compactness of a H (XV, a)). Thus there exists 
E G a H (XV, a), such that E n —t E. By the continuity of the rotational 
number, we have 

iotf(E n ) — > rotf(E), n — > oo. 
Since the rotation number is strictly monotonic when it restricted to the 
spectrum a 11 (XV, a), then E = Eq, it follows that Eq G R\v,a,<p- ^ 

By the last two steps and Lemma 12. 11 we have for any <p G 

<Jp P (XV, a, ip) = R\v, a ,ip = o~ H (XV, ") = 0" L (AV, a), 

which means that the long-range operator L\v a ,ip nas Anderson Localiza- 
tion. □ 
Proof of Theorem II. 6t If we apply Theorem 11.51 to almost Mathieu 
operator directly, we can not get the best estimate, since by the local em- 
bedding theorem, we lose some analyticity, in order to get finer estimate, we 
need the following: 

Theorem 6.1. For every a G R\Q, h > 0, r > 0, 7 > 0, let A G SL(2,R) 
be such that \\A — R\\h < c(h^) T for some constant R, and iotf(a,A) G 
DC a (r, 7), then the system (oo, A + F(0)) is analytically rotations reducible. 

Remark 6.1. The continuous version Theorem of \6.1\ appear in [21j. In 
fact, the proof of this theorem in [21] applies essentially unchanged to the 
discrete case, thus the same result holds. 

By Aubry duality, we know that the almost Mathieu operator is self-dual, 
and the dual of L Xc os,a^ is H Xc os,a,<t>- Suppose 

Ae 2 ^ = ||Acos(27T0)|| ft < e(h) < 1 

is small enough, since in this case, /3(a) > 0, and it lies in the subcritical 
regime, then by Avila's theorem [3], one can provide (without any restric- 
tions on the fibered rotation number) a sequence of conjugacies which put 
the cocycle arbitrarily close to constants, (we only lose arbitrary small ana- 
lyticity strips of width), so that Theorem l6.1l eventuallv can be applied. Thus 
if the rotation number is Diophantine w.r.t oo, 2irh > (3(a) > 0, then the 
cocycle is rotations reducible and consequently reducible: if / G C%(T,M), 
2irh > /3(a), then 

p>(0 + a)-p(e + a) = f(0)-f(O) 

has an analytic solution <p G C^_ l3 ^ 2w (T, R). Finally, we can replay the proof 
of Theorem 11.51 to finish the proof. □ 
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